1. Introduction. This paper is concerned with representing accretive bilinear forms in a Hubert space by maximal accretive operators in the same space.
that the values of J.fk(x)^jik lie in a sector {zeC\ Re z>0, |Im z\ Sy Re z} of the complex plane C, for all f e Cm and all x e Ù. Then J is known to be closed regularly accretive and hence representable (see Theorem 5.2) . We prove in Theorem 5.3 that J is representable even when this sector is allowed to rotate about zero as x varies in Í2, so long as .7 remains accretive, and the rotation satisfies certain conditions. A simple example of a form that is not regularly accretive but which satisfies the hypotheses of this theorem is obtained when m = 1 and Q = (0, oo) on defining (ii) AjU = w.
Then J[u, v] = (AjU, v) for all ue2(Af), veSd(J). Throughout this paper A, denotes the operator defined in this way. If J is accretive, then A¡ is accretive (i.e. (A¡u, u) e Cr for all u e 2(Aj)). However, 2>(A¡) need not be dense in ¿f and could even be just {0}. Our aim is to show that if / satisfies certain conditions, A¡ is maximal accretive (i.e. A¡ is a densely defined accretive operator with no proper accretive extension). Then A, is closed, and has O in its resolvent set.
When J is an accretive form, and its associated operator A¡ is maximal accretive, we say that J is representable, and that J is represented by A}.
For the theory of accretive operators, see the article by Phillips [4, pp. 199-202] on dissipative operators. (A dissipative operator is the negative of an accretive one.)
When proving that an operator is maximal accretive, we will use the following result of Phillips :
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 2.1. Proposition. Let A be an accretive operator in H such that (%(A-XI)=#e for some X e C. Then A is maximal accretive.
We conclude this section with the following definition : If a, ßeC, a 7^0, then <xj+ß denotes the bilinear form with domain S>(J) defined by («J+ß) 
Note that Aw+B) = aAj+ßI. It will be proved that B is one-to-one. So (iii) can be replaced by the equivalent condition:
(iii)' B~x is continuous. Proof. B has the following properties : (a) B is one-to-one: Suppose an element ue3^x satisfies Bu=0. Then That is, Ax=Aj+I.
Thus âê(A,+I)=Jt, and so, by Proposition 2.1, A} is maximal accretive. It remains to be shown that 2(A,) is dense in 3^x. Now 2¿(Af) (=2¿(AX)), considered as a subset of 3fx, is really 3>(Axj), and 2(Axj)=âH(B'1j*).
So we must show that ^(B_1j*) is dense in ^. This follows from the fact that I%(j*) is dense in 3FX, and A-1 is a bounded linear operator of 3&x onto J^x. | Remark. The statements of various other representation theorems can be found in [3] . Proofs of these results are contained in the author's doctoral dissertation. Proof. We let the ¿Fx of Theorem 3.1 be ^ and verify conditions (i), (ii) and (iii)', thus obtaining the desired result.
(i) is clearly satisfied, and (ii) follows from the inequality are complex-valued C1 functions defined on Í2. The real and imaginary parts of the matrix (fjk) are denoted by (gjk) and (hJk) respectively. I.e., gjk=Ufk+fki), and hjk = (l/2i)(fik-fkj). Dj = 8/8xj denotes differentiation in the generalized sense. So, if u is a locally integrable function, the statement "3/);m" means "the distribution derivative D,u is a (locally integrable) function."
When investigating a second order partial differential operator 2 W/**** achthat satisfies 2,gik(x)Çjik>0 for all xeíí and O^f=(fi,..., fm) e Cm, we can construct the form j[u'v] = L^fi^Â with suitable domain, show that 3 is representable, and thus obtain the corresponding maximal accretive operator A} (cf. [5] , [6] ). It is known [5] that if the values of ^.fjk(x)ijik lie in a sector {z e C \ Re z>0, |Im z\ Sk Re z} for all x e Í2 and 0 jt= f e Cm, and if 2(3) is suitably chosen, then 3 is representable. This result is proved in Theorem 5. To prove (iii), we proceed as follows.
If ueJfx, define Tu to be exp(/ô)-«. Then Dj(Tu)=exp(i9)(Dju+iu-Di9), 1 ^j^m.We first show that Tue Jf and then that Tu e 3fc°x. (6)).
••• (l^[«J|-|ß(«»)|)/l|«n||l-*0.
•
(by (9), where C is the constant in equation (7)).
It follows by (7) that the above expression is greater than the nonnegative expression
II «n 111
So this sequence tends to zero. Hence
.*. l*["n]|/lklli->0 (by (9)). This is another consequence of the fact that the three conditions of Theorem 3.1 are satisfied.
The operator A¡ is the Neumann operator (cf. [5] ) associated with the formal differential operator A defined by Au = 2 Acíexp (i9)ffkDiU}.
Since A] is maximal accretive, it follows that C is contained in the resolvent set of Aj. So we have the existence and uniqueness theorem : 3, however, this sector is allowed to rotate about zero as x varies in Ü, so long as 3 remains accretive and the rotation satisfies certain conditions. In order to get a feeling for these conditions, we will look at the case m = 1. The results we obtain could be extended to the higher-dimensional cases.
When «i = l (and Q is connected), Theorem 5. 9=\ tan~x(8/8x) and y = tan (n/2-9) (9=-$ tan"1 (S/5Y) and y=tan (n/2+9)).
(ii) Suppose Im a is bounded from below on (a, a'), and from above on (b', b). Let a" e (a, a'). Then there exists 8X such that Im a(x) ä 8X for all x e (a, a'), and Im a(x)^ o\ for all x e (a", b). Let 90=\ tan'x(8/8x). Define 9 to be a C1 function from (a, b) to [-0O, 0O] such that 9(x)=90 for xe(a, a") and 9(x)=-90 for xe(a', è). Let y=tan (tt/2 -90). Then the hypothesis of Theorem 5.6 is satisfied and so / is representable.
(iii) The proof is similar in the case when Im a is bounded from above on (a, a') and from below on (¿V, b). | The following proposition is useful when determining whether the conditions of Theorem 5.6 are satisfied. (ii) Suppose x e S~ (the closure of S in (a, b)). Then, by continuity, (13) still holds.
(iii) Suppose xe(a,b)~S~. Then 9 is constant in a neighborhood of x, so the left-hand side of (12) equals zero.
We conclude this discussion by giving three simple examples of representable accretive forms. Note that none of these forms is regularly accretive. [In each case, 2(3) is defined as in Theorem 5.6.]
The fact that the first two forms are representable is a direct consequence of Corollary 5.7. To see that the third form is representable, we proceed as follows. for all u,ve$F.
Proof. The proof is fairly straightforward, the only difficult part being (i)=>(ii). This is proved in Halmos [1, p. 33] , where it is shown that if a is the bound of J, then ß can be taken equal to a or 2a, depending on whether/is hermitian or not. A1.3. Theorem. Let J be a bounded form on Jt? satisfying \J[u]\ ä 8¡w||2/o/-some 8>0. Then, if A3 is the operator defined in Theorem A1.2, A, is 1-1 and its inverse is continuous.
